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In a previous paper (hep-th/0304045) it has been argued that tachyonic Dirac-Born-Infeld
(DBI) actions can be obtained from open string theory in a limit, which generalizes the
usual massless DBI limit. In the present note we review this construction focusing on a
key property of the proposed tachyon effective actions: how they reproduce appropriate
Veneziano amplitudes in a suitably defined kinematical region. Possible extensions and
interesting open problems are briefly discussed.
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1. Introduction
The appearance of a tachyon in the perturbative spectrum of string theory (open or
closed) signals the presence of an instability that drives the theory away from the unstable
vacuum. During this time-dependent process the tachyon mode grows exponentially and
couples, in general, to all the other modes of the string. The spacetime dynamics of
this process is captured by a nontrivial string field theory action, whose formulation and
analysis is a complicated problem. In this note we argue, following [1], that in certain
limits in the configuration space of string theory the tachyon decouples from the other
massive stringy modes. In such cases the spacetime dynamics of the tachyon is expected
to be captured by a much simpler effective action, whose formulation is the main subject of
this paper. This effective action is useful for various purposes. It contributes to a further
understanding of the time-dependent dynamics of tachyon condensation in string theory
and provides a useful tool for interesting applications in more realistic setups including
recent discussions in cosmology (see, for example, [2] and references therein).
To motivate our discussion, let us recall a more familiar case: the massless Dirac-
Born-Infeld (DBI) effective action in open string theory [3]. For our purposes it is enough
to consider the ten-dimensional Born-Infeld Lagrangian
LBI =
√
−det(ηµν + 2πα′Fµν) , (1.1)
describing the dynamics of a U(1) gauge field Aµ on a single D-brane. Some of the key
properties of this Lagrangian in the bosonic case are the following:
(1) It has a surface of exact solutions parameterized by constant Fµν profiles. These are
also exact solutions of the full open string equations of motion, i.e. the massless vertex
operator FµνX
µ∂Xν is a true modulus of the theory.
(2) As an effective Lagrangian (1.1) is exact for arbitrary constant values of Fµν (the only
restriction coming from a critical upper bound on the value of the electric field).
(3) In string theory the general scattering amplitude of n gauge bosons with momenta
pj and polarizations ζµj (respecting the standard string BRST conditions) takes the
form
In({ζµj}, {pj}) =
∫ ∞
−∞
n−3∏
i=1
dyi
n∏
j=1
ζµj 〈c∂Xµ1eip1X(0)c∂Xµ2eip2X(1)×
× c∂Xµ3eip3X(∞)∂Xµ4eip4X(y1) · · ·〉 + inequivalent orderings.
(1.2)
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In this expression c denotes the usual bosonic string ghost. To leading order in the
external momenta pi the n-point function (1.2) scales like (momentum)
n. The same
scattering amplitudes can be computed from the Born-Infeld Lagrangian. They receive
two types of contributions: one comes from the one-particle-irreducible (1PI) diagrams
at order n and the other from reducible exchange diagrams involving lower order
irreducible vertices connected by propagators. To leading order in momentum these
n-point functions again scale like (momentum)n. To order (momentum)n, the string
theory amplitudes (1.2) agree with those obtained from the Born-Infeld action. An
explicit check of this claim up to 4th order can be found in [4].
In fact, this is one way to determine the form of the Born-Infeld action. We can write
down the most general gauge-invariant local Lagrangian containing all possible independent
invariants of increasing dimensions and the properties (1)-(3) will fix the form of this
Lagrangian up to field redefinitions [4].
An alternative way to summarize the above set of properties is the following. In
the σ-model approach to string theory (see, for example, [5,6]) the configuration space
of the theory can be viewed as the space of (in general non-conformal) two-dimensional
worldsheet quantum field theories. The constant Fµν profiles parameterize a surface of
fixed points of the worldsheet renormalization group (RG) and the Born-Infeld effective
action governs the dynamics of small (low-energy) fluctuations away from this surface of
fixed points.
Is it possible to find a suitable extension of this construction that incorporates the
dynamics of the open string tachyon? The massless DBI example suggests the following
course of action. First, we have to find a line of fixed points of the worldsheet RG, i.e.
tachyon profiles that are exactly marginal. For example, we may consider the homogeneous
rolling tachyon solution of Sen [7] in open superstring theory1
T = T+e
1√
2
x0
+ T−e
− 1√
2
x0
. (1.3)
This is parameterized by the arbitrary constants T± 2 and is known to be an exact solution
of the full open string equations of motion in the Euclidean signature [9,10,11]. The same is
1 In this paper we discuss only the case of unstable non-BPS D-branes in type II superstring
theory. For relevant details on the bosonic case see [1,8].
2 Strictly speaking, inequivalent solutions are parameterized by only one parameter. This is
due to the freedom of shifting x0 by an arbitrary constant.
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believed to be true also in the Minkowki theory after the analytic continuation x0 → ix0.
The precise problem we want to solve is the following. For starters, consider type II
superstring theory in flat space, i.e. in the absence of a rolling tachyon condensate. We
can write the following open string tachyon vertex operators
T
(±)
~k
= ew±x
0+i~k·~x . (1.4)
These vertex operators are in the (−1)-picture and the on-shell condition reads3
w2± + ~k
2 =
1
2
, (1.5)
with the ± indices denoting the two opposite sign solutions of this quadratic equation.
~k = 0 for the rolling tachyon vertex operators e
± 1√
2
x0
and small fluctuations around them
are given by small spatial momenta and frequencies
w± = ± 1√
2
(1− ~k2) +O(~k4). (1.6)
We want to study the leading order behaviour of the n-point Veneziano amplitudes
An = 〈T (±)~k1 T
(±)
~k2
T
(±)
~k3
· · ·T (±)~kn 〉 (1.7)
in the limit of small spatial momentum. In the process of taking this limit we have broken
the explicit 10-dimensional Poincare invariance, but this breaking is obviously spontaneous.
The choice of the time direction is arbitrary and the final expression of the amplitudes An
will be Poincare invariant. In section 2 we find the following structure. The amplitudes An
vanish automatically for n odd and for n even they are certain Lorentz invariant functions of
the external momenta, which scale like (momentum)2 to leading order in spatial momenta.
These quadratic functions can be split into two distinct pieces. The first one is a quadratic
polynomial Pn of appropriate Mandelstam variables. The second is a rational expression of
the spatial momenta - let us call it Wn - that incorporates the complicated pole structure
of An arising from intermediate on-shell tachyons. There are no massless or higher mass
stringy state poles. The higher mass stringy states are automatically decoupled in the
special kinematics of small spatial momentum. The form of Pn is completely fixed by
3 In our conventions α′ = 1.
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symmetry considerations and it has one free coefficient at each order n. Wn arises as a
sum of lower order exchange diagrams and therefore is fixed by induction.4
We would like to obtain an action with the following well-defined properties:
(a) The equations of motion of this action admit the rolling tachyon solutions (1.3) as
exact solutions for any constants T±.
(b) The field theory amplitudes (1.7) obtained from this action reproduce the correspond-
ing string theory Veneziano amplitudes to the leading quadratic order in spatial mo-
menta, i.e. they have the leading order structure described in the previous paragraph.
If this action exists it will not be unique. String theory amplitudes are, by definition, on-
shell and there are well-known ambiguities in trying to determine an effective Lagrangian
purely from on-shell data. One has the freedom to change its form performing field re-
definitions T → f(T, ∂µT, ∂µ∂νT, ...) and/or adding couplings that are proportional to the
equations of motion. In section 3 these ambiguities will be fixed in a very specific way. We
consider an effective Lagrangian of the form
L = L(T, ∂µT ) (1.8)
and demonstrate that this (single-derivative) ansatz is capable of satisfying both require-
ments (a) and (b). Imposing condition (a) fixes the form of the Lagrangian (1.8) uniquely
up to one free coefficient at each order in T . Let us call this coefficient an. Then, we
compute the leading order form of the amplitudes (1.7) in field theory and we find that
they have the same quadratic structure as in string theory. In particular, they contain
one free parameter at each order n and this parameter, which is a simple function of an,
is fixed by imposing requirement (b). This procedure determines L completely up to field
redefinitions. As usual, different and more complicated actions with the same properties
can be obtained in different schemes.
So far we have considered string theory in flat space. We would like to consider the
extension of the above analysis in the presence of non-vanishing tachyon condensates. In
4 Compare this situation with the corresponding one in the usual massless DBI case described
above. In that case the n-point functions scale like (momentum)n to leading order in momenta
and receive polynomial contributions from 1PI diagrams and a complicated pole structure from
exchange diagrams. In the tachyon case, the n-point amplitudes scale like (spatial momentum)2
to leading order in spatial momenta and receive a similar type of contributions summarized in the
functions Pn, Wn above.
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section 4 we argue that if we can treat the theory perturbatively in T+, the same action will
continue to reproduce the leading quadratic terms of the perturbed string theory scattering
amplitudes
〈T (±)~k1 T
(±)
~k2
· · ·T (±)~kn 〉T+ (1.9)
in the presence of a half-brane rolling tachyon solution (T+ arbitrary and T− = 0 in (1.3)).
This extends the validity of this action in the presence of a non-vanishing T+-condensate.
When we try to extend the same reasoning in the full-brane case (both T+ and T− non-
vanishing in (1.3)), we encounter several complications and the action (1.8) breaks down.
The properties of an alternative effective action are briefly discussed.
We would like to point out that the tachyon effective action obtained in the above
manner is a special case of a more general construction with the following key characteris-
tics. Around a line (or surface) of fixed points in the configuration space of string theory
small fluctuations of the tachyon and/or massless modes decouple from the other massive
modes of the string. This decoupling limit generalizes the low-energy limit of the massless
case in an interesting new way, in which the excited fields fluctuate infinitesimally around
a line of classical solutions. In this note we argue in favor of an effective action that de-
scribes correctly the interactions of these small fluctuations. We do so in a special setup in
open string theory. Possible extensions to other cases and interesting open problems are
suggested in section 5.
2. String theory Veneziano amplitudes with vanishing tachyon condensates
To calculate the Veneziano amplitudes An in (1.7) it is convenient to Wick rotate
x0 → ix0 and consider the vertex operators (1.4) in Euclidean signature. Then, in the van-
ishing spatial-momentum limit the correlation functions (1.7) involve momentum modes,
whose momentum vectors are almost aligned with a particular, arbitrarily chosen, axis in
Euclidean space. We perform the computation of An in this special kinematical region in
Euclidean signature and at the end we continue back to Minkowski space. At the current
level of understanding of string theory this is the standard way to compute open string
scattering amplitudes.
Odd-point functions will vanish automatically by momentum conservation. On the
other hand, non-vanishing 2n-point functions involving the positive frequency momenta
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{k1, ..., kn} and the negative frequency momenta {p1, ..., pn} have to satisfy the momentum
conservation constraints5
n∑
i=1
(~ki + ~pi) = 0 ,
n∑
i=1
~k2i =
n∑
i=1
~p2i .
(2.1)
They can be computed on the upper-half plane in the usual manner by fixing the position
of three vertex operators and integrating over the rest:
A2n({~ki}, {~pj}) = g2n−2o C
∫ ∞
−∞
2n−3∏
i=1
dyi〈T (+)~k1 (0)T
(+)
~k2
(1)T (+)~k3 (∞)×
× T (+)~k4 (y1) · · · T
(+)
~kn
(yn−3)T (−)~p1 (yn−2) · · · T
(−)
~pn
(y2n−3)〉+ (k2 ↔ k3) .
(2.2)
As usual, the total picture number in superstring amplitudes must be equal to −2. In (2.2)
we have inserted two vertex operators in the (−1)-picture and the rest in the 0-picture. In
this paper we reserve the notation T (±)~k for the 0-picture vertex operators
T (±)~k = i(~k · ~ψ − w±ψ
0)eiw±x
0+i~k·~x . (2.3)
go is the open string coupling and C a universal constant that can be determined by
unitarity. For example, inspecting the way that a 4-point function factorizes into the
product of two 3-point functions near a massless pole we obtain C = 1 [12].
The leading order form of these amplitudes can be reduced considerably with a few
simple observations. First of all, when we set the spatial momenta {~ki}, {~pj} to zero, the
amplitudes vanish as a simple manifestation of the fact that the rolling tachyon vertex
operators e
± i√
2
x0
are exactly marginal. This is a special case of a more general statement.
Correlation functions of true moduli of string theory are identically zero. An interesting
exception to this rule, relevant for the massless DBI case, is the following. Consider the
n-point vector amplitudes (1.2) in bosonic string theory (the situation in fermionic string
theory is similar). The first non-trivial term in the momentum expansion of the gauge
boson vertex operators Vζ,p = ζµ∂Xµeip·X has the form ζµpνXν∂Xµ and the amplitude
I(0)n ({ζµj}, {pj}) =
∫ ∞
−∞
n−3∏
i=1
dyi
n∏
j=1
ζµj 〈cpν1Xν1∂Xµ1(0)cpν2Xν2∂Xµ2(1)×
× cpν3Xν3∂Xµ3(∞)pν4Xν4∂Xµ4(y1) · · ·〉 + inequivalent orderings
(2.4)
5 Henceforth this will be standard notation. Momenta with a positive frequency will be denoted
by ki and momenta with a negative frequency will be denoted by pi.
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gives the leading contribution to the full vector amplitude (1.2) in the limit of small mo-
menta. Indeed, this is one way to see that the leading term in (1.2) scales like (momentum)n
as we claimed above. The symmetric part of the vertex operator ζµpνX
ν∂Xµ is a trivial
total derivative and the antisymmetric part has the form fµνX
ν∂Xµ, with fµν a constant
antisymmetric tensor. This is the familiar coupling of a constant electromagnetic field on
the boundary of the disk. It is a true modulus of open string theory and the above general
statement implies that the corresponding amplitudes (2.4) have to vanish. An explicit cal-
culation, however, demonstrates that this conclusion is incorrect. As we might expect also
from the massless DBI effective action, the amplitudes (2.4) are non-vanishing. The reason
for this, perhaps unexpected, result is the fact the vertex operators ζµpνX
ν∂Xµ are not
well-defined CFT vertex operators and the computation of the corresponding amplitudes
is subtle.
In the case of the tachyon no subtleties of the above type appear and the leading order
form of the amplitudes (2.2) is quadratic. This quadratic dependence can be written as a
function of the form
A2n({~ki, ~pj}) = g2n−2o
(
P2n(~ki, ~pj) +W2n(~ki, ~pj)
)
. (2.5)
P2n(~ki, ~pj) is a second order polynomial of the spatial momenta and W2n(~ki, ~pj) a sec-
ond order rational expression of the momenta with a sum of terms, each scaling like
(momentum)2s+2/(momentum)2s (for appropriate term-dependent positive integers s).
The denominators of these terms are products of propagators associated to intermedi-
ate nearly on-shell tachyons and the numerators are determined uniquely as appropriate
residues. A particular example of this structure will be given below at 6th order. The
higher order pole structure will also be discussed.
The structure of the polynomial P2n, on the other hand, is particularly simple. It is
straightforward to determine its exact form at any order 2n up to a constant multiplicative
factor by invoking the symmetry properties of the amplitudes A2n. This can be done most
conveniently with the use of the Mandelstam variables
Sij = (ki + kj)
2 ∼ 2− (~ki − ~kj)2 = 2− sij ,
Tij = (pi + pj)
2 ∼ 2− (~pi − ~pj)2 = 2− tij , i, j = 1, ..., n,
Uii′ = (ki + pi′)
2 ∼ (~ki + ~pi′)2 = uii′ , i, i′ = 1, ..., n ,
(2.6)
of which only a subset are linearly independent variables. We have introduced the small
letter symbols sij , tij and uii′ , to denote particular quadratic combinations of the spatial
7
momenta, which will be referred to as the “spatial Mandelstam variables”. As we send
{~ki}, {~pj} to zero, the Mandelstam variables take the limiting values:
Sij , Tij → 2, Uii′ = uii′ → 0, sij , tij → 0 . (2.7)
With the use of these variables, P2n can be cast into the Euclidean invariant form
P2n = D +
∑
i,j
(AijSij +BijTij) +
∑
i,i′
Cii′Uii′ . (2.8)
Aij , Bij, Cii′ and D are appropriate constants, which can be constrained further by the
following symmetries of the amplitudes (2.2). First, there is a symmetry under the ex-
change of the {ki} momenta among themselves and similarly under the exchange of the
{pj} momenta among themselves. This property equates all the coefficients Aij , Bij and
Cii′ to the constants A,B and C respectively. Moreover, the amplitudes (2.2) are invariant
under the transformation (x0, ~x) → (−x0,−~x), which exchanges the {ki} momenta with
the {pj} momenta. This symmetry sets A = B and leads to the form
P2n = D + A
∑
i,j
(Sij + Tij) + C
∑
i,i′
Uii′ . (2.9)
One can easily check the identity
∑
i,j
(Sij + Tij) = 4n
2 − 2
∑
i,i′
Uii′ , (2.10)
which allows for a further simplification
P2n = (D − 4n2A) + (C − 2A)
∑
i,i′
Uii′ . (2.11)
As we mentioned above, the zeroth order term vanishes. This sets D = 4n2A and after
denoting the constant C − 2A by C2n we are left with the unique (up to a multiplicative
constant) expression
P2n = C2n
∑
i,i′
Uii′ = C2n
∑
i,i′
uii′ . (2.12)
We proceed to verify and elucidate the general structure of eqs. (2.5), (2.12) with
more explicit calculations - first at the lower 4th and 6th orders and then inductively at
the higher ones.
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2.1. 4-point Veneziano amplitudes
Setting n = 2 in the general amplitude (2.2) gives
A4 = g2o
∫ ∞
−∞
dy〈eik1·x(0)eik2·x(1)(p1 · ψ)eip1·x(∞)(p2 · ψ)eip2·x(y)〉+ (k2 ↔ p1) =
= g2o(p1 · p2)
∫ ∞
−∞
dy|y|2k1·p2 |1− y|2k2·p2 + (k2 ↔ p1) .
(2.13)
Further manipulation of this expression produces the following function of the spatial
Mandelstam variables
A4 = g2o
[
(1− s12)B(u12′ , u11′) + (−1 + u11′)B(u12′, 2− s12)+
+ (−1 + u12′)B(2− s12, u11′)
]
.
(2.14)
In standard notation, B(s, t) denotes the Beta-function
B(s, t) =
∫ 1
0
dy y−1+s(1− y)−1+t = Γ(u)Γ(t)
Γ(s+ t)
. (2.15)
(2.14) can be expanded to quadratic order in spatial momenta (i.e. linear order in the
spatial Mandelstam variables) using the Γ-function expansion
Γ(ǫ) ∼ǫ→0 1
ǫ
− γ + 1
2
(γ2 + ζ(2))ǫ , (2.16)
where γ denotes the Euler-Mascheroni constant and ζ(2) = π
2
6
. At the end of this calcu-
lation we find the leading order expression
A4 = −g2o
π2
4
∑
ii′
uii′ , (2.17)
which is precisely of the general form (2.5), (2.12), with C4 = −π24 and W4 = 0. Notice
the expected vanishing of the 4-point amplitude at zero spatial momenta.
Another notable characteristic of the 4-point amplitude (2.17) is the absence of any
poles. In general, string theory amplitudes possess a complicated pole structure associated
to the appearance of on-shell intermediate states. An intermediate state can be a tachyon,
a massless excitation or a higher excited stringy state. In our case, the 4th order amplitude
does not exhibit any of these poles. It does not exhibit any tachyon poles, because of the
absence of a non-vanishing 3-point vertex among tachyons. Massless poles, for example
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of the type 1
u11′
etc., cancel identically after summing over all the channels and massive
stringy states only have finite contributions in the special kinematics regime of this note.
In higher orders, we expect to find a similar absence of massless and higher mass poles. For
the massless poles this is guaranteed only in the abelian case, which is the case of interest
in this paper. For the higher mass poles it is a consequence of the special kinematics. The
absence of these poles is an important property of the present construction and is equivalent
to the statement of the introduction that small fluctuations around the exactly marginal
rolling tachyon direction decouple from any other massive excitation of the open string.
It is one of the key elements that allows for the possibility of a consistent single-scalar
tachyon effective action.
2.2. 6-point Veneziano amplitudes
The 6th order Veneziano amplitude in string theory reads
A6 = 〈T (+)~k1 T
(+)
~k2
T (+)~k3 T
(−)
~p1
T (−)~p2 T
(−)
~p3
〉 =
=
∫ ∞
−∞
dx1dx2dx3〈eik1·x(0)eik2·x(1)(k3 · ψ)eik3·x(∞)×
× (p1 · ψ)eip1·x(x1)(p2 · ψ)eip2·x(x2)(p3 · ψ)eip3·x(x3)〉+ (k1 ↔ k3) .
(2.18)
By further evaluation we find
A6 = (k3 · p1)(p2 · p3)
∫ ∞
−∞
∏
i
dxi|x1|2k1·p1 |x2|2k1·p2 |x3|2k1·p3×
× |1− x1|2k2·p1 |1− x2|2k2·p2 |1− x3|2k2·p3 |x12|2p1·p2 |x13|2p1·p3 |x23|−1+2p2·p3−
− (k3 · p2)(p1 · p3)
∫ ∞
−∞
∏
i
dxi|x1|2k1·p1 |x2|2k1·p2 |x3|2k1·p3×
× |1− x1|2k2·p1 |1− x2|2k2·p2 |1− x3|2k2·p3 |x12|2p1·p2 |x13|−1+2p1·p3 |x23|2p2·p3+
+ (k3 · p3)(p1 · p2)
∫ ∞
−∞
∏
i
dxi|x1|2k1·p1 |x2|2k1·p2 |x3|2k1·p3×
× |1− x1|2k2·p1 |1− x2|2k2·p2 |1− x3|2k2·p3 |x12|−1+2p1·p2 |x13|2p1·p3 |x23|2p2·p3 + (k1 ↔ k3)
(2.19)
with a sum of six terms coming from every possible contraction of the fermions. From the
general considerations of the previous subsections the leading order form of this amplitude
is expected to become
A6 = g4o
(
C6
∑
i,i′
uii′ +W6(~ki, ~pj)
)
. (2.20)
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Unfortunately, we are not aware of a closed expression for the above integrals and this
hinders the computation of the exact value of the constant C6. Nevertheless, it is quite
straightforward to determine the precise form of the rational function W6. This function
involves a set of poles, which are associated to on-shell intermediate tachyons. To be con-
crete, let us consider a particular tachyon pole, say the one arising when an intermediate
tachyon of momentum k1 + k2 + p1 goes on-shell. In this limit, the 6-point amplitude fac-
torizes into the product of two lower order 4-point amplitudes and the following expression
is obtained
A6(ki, pj) ∼ A4(k1, k2, p1,−k1 − k2 − p1)A4(−k3 − p2 − p3, k3, p2, p3)
(k1 + k2 + p1)2 − 12
. (2.21)
By using the leading order expression (2.17) we find
A6(ki, pj) ∼ π
4
4
g4o
s12t23
(k1 + k2 + p1)2 − 12
. (2.22)
Summing over the nine different contributions of this type we obtain the full dependence
of the function W6 on the spatial momenta {~ki}, {~pj}.
2.3. The pole structure of 2n-point Veneziano amplitudes
Based on the above analysis (see eqs. (2.5) and (2.12)), the general 2n-point Veneziano
amplitude (2.2) can be written to leading order as
A2n(~ki, ~pj) = C2n
∑
i,i′
uii′ +W2n(~ki, ~pj) . (2.23)
The go dependence has been included implicitly into the definition of the constant C2n and
the function W2n. This function incorporates the complicated pole structure of the full
amplitude (2.2) in the special kinematical regime of this note. The general characteristics
of W2n are the following. There are many channels in (2.2), where poles appear. They
arise from regions of the moduli integrals in (2.2), where some number of the yi variables
approach each other. For example, to analyze the limit where 2N of them approach 0, e.g.
y1, y2, ..., yN , yn−2, ..., yn−N−1 → 0, it is convenient to redefine
y1 = ǫ, y2 = ǫz2, ..., yN = ǫzN , yn−2 = ǫzn−2, ..., yn−N−1 = ǫzn−N−1 (2.24)
and consider the limit ǫ → 0 [13]. The residues of the resulting poles are related to lower
order correlation functions of intermediate states. Only poles associated to an intermediate
11
tachyon are interesting. Other types of poles do not appear for the reasons presented
above. For concreteness, let us consider the channel (2.24), where an intermediate tachyon
of momentum P = k1 + k4 + ...+ kN+3 + p1 + ...+ pN goes on-shell. Near this pole (2.2)
becomes
A2n ∼
A2N+2(k1, k4, ..., kN+3, p1, ..., pN , P )A2(n−N)(−P, kN+4, ..., kn, pN+1, ..., pn)
P 2 − 12
,
(2.25)
which is a higher order analogue of (2.21). The form of the lower order amplitudes to
leading (quadratic) order is known by induction. The full structure of W2n arises as a
sum of similar contributions over all possible channels. In this sum multiple poles scale as
(momentum)2s+2/(momentum)2s for appropriate term-dependent positive integers s.
3. On-shell amplitudes in field theory and comparison with string theory
In field theory we look for an effective tachyon Lagrangian with enough parameters
to reproduce the string theory scattering amplitudes (2.23). It has been proposed [1] that
the single derivative ansatz
L = L(T, ∂µT ) , (3.1)
symmetric under the parity transformation T → −T , is a convenient and consistent ansatz
that has enough parameters to encode the full set of string theory information to leading
order. The even parity condition is an immediate consequence of the standard Z2 symmetry
ψµ → −ψµ of the fermionic string, under which the open string tachyon is odd. The
single derivative Lagrangian (3.1) fixes part of the field redefinition ambiguity and leaves
a residual freedom of taking
T → Tf(T 2) (3.2)
for an arbitrary function f .
In addition, assume that L is analytic in T around T = 0. This assumption is known
to fail in the bosonic case [1], but no problems of this sort are known to appear in the
fermionic case. Then, we can expand L in a series of the form
L =
∞∑
n=0
λ2n−2L2n(T, ∂µT ) , (3.3)
where
L2n =
n∑
l=0
a
(n)
l (∂µT∂
µT )lT 2(n−l) (3.4)
12
and λ is a constant related to the normalization of the tachyon T . The problem of deter-
mining L reduces into the problem of determining the infinite set of constants a(n)l . This
can be achieved by imposing on L the following two requirements that follow directly from
the discussion in the introduction:
(A) The equations of motion of L admit the generic rolling tachyon profile (1.3) as an
exact solution.
(B) The classical field theory 2n-point amplitude reproduces exactly the Veneziano 2n-
point amplitudes (2.2) to leading (quadratic) order in spatial momenta, i.e. it repro-
duces (2.23) for any n.
The 2n-th order equations of motion for (3.3) read [1]
n∑
l=1
la
(n)
l ∂
µ
[
(∂λT∂
λT )l−1(∂µT )T 2(n−l)
]
=
n∑
l=0
(n− l)a(n)l T 2(n−l)−1(∂µT∂µT )l . (3.5)
By demanding that they admit
T = T+e
i√
2
x0
+ T−e
− i√
2
x0
(3.6)
as an exact solution, we obtain at order 2n a set of n linear equations
a
(n)
l =
(n− 1)!2l−1
(n− l)!l!(2l− 1)a
(n)
1 (3.7)
for the n + 1 couplings a
(n)
l , (l = 0, 1, ..., n). In this way, the first requirement reduces
the problem of determining L drastically. At each order only one coefficient remains to
be determined and this will be done by imposing condition (B). This requires an explicit
calculation of the tree level field theory amplitudes to which we now turn. We begin with
a few illustrating examples at 4th and 6th order.
3.1. Field theory 4-point amplitudes
At 4th order the field theory couplings are summarized by the following Lagrangian
L4 = λ2
(
a
(2)
0 T
4 + a
(2)
1 (∂µT∂
µT )T 2 + a
(2)
2 (∂µT∂
µT )2
)
. (3.8)
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Translating this expression into momentum space, we obtain the 4-point function (analogue
of the string amplitude (2.13))
A4 = = 〈T (+)~k1 T
(+)
~k2
T
(−)
~p1
T
(−)
~p2
〉 =
= λ2
{
6a
(2)
0 − a(2)1 [(k1 · k2) + (k1 · p1) + (k1 · p2) + (k2 · p1) + (k2 · p2) + (p1 · p2)]+
+ 2a
(2)
2 [(k1 · k2)(p1 · p2) + (k1 · p1)(k2 · p2) + (k1 · p2)(k2 · p1)]
}
.
(3.9)
All momenta are on-shell and everything is considered in Euclidean signature (the inner
product between two vectors reads k · p = k0p0 + ~k · ~p). The expansion of this amplitude
to quadratic order in spatial momenta gives
A4 = λ2
(
6a
(2)
0 + a
(2)
1 +
3
2
a
(2)
2
)− λ2a(2)2
2∑
i,i′=1
uii′ . (3.10)
This expression has the same form as its string theory counterpart (2.17) and a direct
comparison between them yields the following two conditions on the L4 coupling constants:
6a
(2)
0 + a
(2)
1 +
3
2
a
(2)
2 = 0,
a
(2)
2 = λ
−2g2o
π2
4
.
(3.11)
The first condition comes from the vanishing of the constant term in the string theory
amplitude (2.13), which follows from the fact that the rolling tachyon profile is exactly
marginal. In field theory, the analogous requirement (condition (A) above) gives at the
2n-th order n constraints, which lead to the recursion relation (3.7). For n = 2 one of
these constraints should be coincident with the first equation in (3.11). We can see this,
generalized to any order, in the following way.
Substitute the rolling tachyon profile (3.6) into the equations of motion (3.5) and set
the coefficients of the n exponentials e
i m√
2
x0
(for m = 1, 3, ..., 2n − 1) to zero.6 These
6 There is an extra set of equations originating from the vanishing of the coefficients of the
exponentials e
−i
m√
2
x
0
(m = 1, 3, ..., 2n− 1). This set is identical to that of the positive frequency
exponentials and will not be discussed independently.
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equations effectively set to zero all tree-level 2n-point vertices of the form
+
+
+
+
+
,
+
+
+
-
+
, ... ,
+
+
-
-
+
, (3.12)
with the last rightmost vertex having n positive incoming frequencies and n − 1 negative
incoming frequencies. All these vertices (in total n in number) are evaluated at zero spatial
momenta and they provide a set of equations equivalent to the recursion relations (3.7).
The momentum of the outgoing particle is determined by momentum conservation and can
be on-shell only for the last rightmost diagram, where the positive incoming frequencies
almost cancel the negative incoming frequencies. This latter condition is the only one
appearing in the evaluation of on-shell amplitudes.
To illustrate this point more explicitly let us consider in detail the example of the
4-point vertices. For n = 2 we find two vertices, which upon evaluation give
+
+
+
+
= λ2
(
2a
(2)
0 + a
(2)
1 −
3
2
a
(2)
2
)
, (3.13)
+
+
-
+
= λ2
(
6a
(2)
0 + a
(2)
1 +
3
2
a
(2)
2
)
. (3.14)
The second condition is the only one appearing in the on-shell 4-point amplitude (3.10).
The vanishing of the first vertex (3.13) is an off-shell statement, which will be imposed
here as part of condition (A) of the previous subsection. We see that conditions (A) and
(B) are not completely independent, but they have a small overlap.
At non-zero spatial momenta comparison with the on-shell string theory amplitude
provides one more equation, the second one in (3.11). In higher orders this extra equation,
together with the n ones coming from condition (A), is enough to determine the exact
form of the effective Lagrangian order by order. In 4th order, we simply get a relation
between the coefficient a
(2)
2 , the normalization factor of the tachyon λ
2 and the open string
coupling go.
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3.2. Field theory 6-point amplitudes
The field theory 6-point amplitude
A6 = 〈T (+)~k1 T
(+)
~k2
T
(+)
~k3
T
(−)
~p1
T
(−)
~p2
T
(−)
~p3
〉 (3.15)
receives several contributions. One comes directly from the 6th order part of the effective
tachyon Lagrangian
L6 = λ4
3∑
l=0
a
(3)
l (∂µT∂
µT )lT 6−2l (3.16)
and the rest come from exchange diagrams involving 4th order vertices. In diagrammatic
form we have
A6 = = + . (3.17)
There are two types of exchange diagrams. The first one
k1
k2
k3
p1
p2
p3
(3.18)
involves 4-vertices of the form
+
+
+
+
(3.19)
and the propagator is always off-shell and regular even when the spatial momenta vanish.
The second type involves 4-vertices of the form
+
+
-
+
, (3.20)
which become on-shell as we send the spatial momenta to zero and develop a pole. A
particular example includes the diagram
k1
k2
p1
k3
p2
p3
. (3.21)
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There are nine different choices of this type and each of them contributes non-polynomial
terms in 6th order, which scale like (momentum)4/(momentum)2 to leading order in spatial
momenta. Analogous exchange diagrams appeared in string theory (see eq. (2.21)). A more
detailed analysis provides the following information.
The 6th order vertex arising from (3.16) (here we demonstrate explicitly only a few
representative terms) reads
λ−4 =
1
20
[
6!a
(3)
0 − 2 · 4!a(3)1
(
k1 · (k2 + k3 + p1 + p2 + p3)+
+ k2 · (k3 + p1 + p2 + p3) + k3 · (p1 + p2 + p3) + p1 · (p2 + p3) + p2 · p3
)
+
+ 16a
(3)
2
(
(k1 · k2)(k3 · (p1 + p2 + p3)) + · · ·
)−
− a(3)3
(
(k1 · k2)(k3 · p1)(p2 · p3) + · · ·
)]
.
(3.22)
Simple symmetry considerations (similar to those presented for string theory amplitudes
above) reduce the form of this expression in the limit of small spatial momenta to
= t6 + s6
∑
i,i′
uii′ . (3.23)
t6 and s6 are certain constants that can be determined by a straightforward calculation
t6 =
λ4
20
(
6!a
(3)
0 + 3 · 4!a(3)1 + 36a(3)2 +
6!
8
a
(3)
3
)
,
s6 = λ
4
(− 2a(3)2 + 9a(3)3 ) .
(3.24)
The regular exchange diagrams can be expanded to quadratic order in a similar fash-
ion. We find:
k1
k2
k3
p1
p2
p3
=
9
4
λ4
(
2a
(2)
0 + a
(2)
1 −
3
2
a
(2)
2
)2
+
+
3
64
λ4
(
2a
(2)
0 + a
(2)
1 −
3
2
a
(2)
2
)(
12a
(2)
0 − 2a(2)1 + 31a(2)2
)∑
i,i′
uii′ .
(3.25)
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Both terms in this expression are proportional to the linear combination 2a
(2)
0 +a
(2)
1 − 32a
(2)
2
appearing in (3.13). This combination is set to zero by requirement (A) and the regular
set of exchange diagrams does not contribute in 6th order.
The second type of exchange diagrams involves a nearly on-shell pole. Let us consider
explicitly one of them, say the one appearing in (3.21). To leading order in spatial momenta
we find:
k1
k2
p1
k3
p2
p3
=
1
−s12 + u11′ + u22′
[(
6a
(2)
0 + a
(2)
1 +
3
2
a
(2)
2
)2
+
+ (−s12 + u11′ + u22′)
(
6a
(2)
0 + a
(2)
1 +
3
2
a
(2)
2
)(
a
(2)
1 + 3a
(2)
2
)
+ (−s12 + u11′ + u22′)2
(1
4
(
a
(2)
1
)2
+ a
(2)
1 a
(2)
2 +
5
2
(
a
(2)
2
)2)
+
+ (−s12 + u11′ + u22′)(s12 + t23)
((
a
(2)
2
)2 − a(2)1 a(2)2 )+
+ 4
(
a
(2)
2
)2
s12t23
]
.
(3.26)
The first two terms are proportional to the linear combination 6a
(2)
0 + a
(2)
1 +
3
2
a
(2)
2 , which
has been set to zero (see eq. (3.11)). The third and fourth terms are non-vanishing poly-
nomial quadratic contributions and the last one is a pole contribution that scales like
(momentum)4/(momentum)2. Using eqs. (3.11), (3.26) and (2.22), we can check that the
same non-polynomial term appears in string theory as part of the function W6.
The full 6th order amplitude is obtained by summing over the individual contributions
(3.23), (3.26):
= λ4
[
1
20
(
6!a
(3)
0 + 3 · 4!a(3)1 + 36a(3)2 +
6!
8
a
(3)
3
)
+
+
(
− 2a(3)2 + 9a(3)3 +
1
8
(
a
(2)
1
)2 − 13
4
a
(2)
1 a
(2)
2 +
25
8
(
a
(2)
2
)2)∑
i,i′
uii′+
+ 4
(
a
(2)
2
)2( s12t23
−s12 + u11′ + u22′ + · · ·
)]
.
(3.27)
In the derivation of this expression we have enforced the 4th order vanishing conditions
(3.13), (3.14) and by · · · in the last term a summation over the remaining eight channels
of the type (3.21) is implied. We can further check the vanishing of the constant term
6!a
(3)
0 + 3 · 4!a(3)1 + 36a(3)2 + 6!8 a
(3)
3 as a consequence of the recursion relation (3.7).
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In conclusion, we see explicitly that the structure of the 6th order tree-level amplitudes
in field theory is precisely the same to the one encountered in string theory above. The
leading term in spatial momenta scales like (momentum)2 and breaks up into a quadratic
polynomial piece and a rational function (denoted by W6 in (2.20)) coming from exchange
diagrams.
3.3. Field theory 2n-point amplitudes
The discussion of the 6th order amplitudes can be extended naturally to any order.
In the limit of vanishing spatial momenta the full 2n-point amplitudes in field theory take
the form
2n
= C˜2n
∑
i,i′
uii′ + W˜2n(~ki, ~pj) . (3.28)
A possible constant term vanishes after imposing the conditions coming from requirement
(A) (see eq. (3.7)) up to order 2n. C˜2n is a constant arising from the leading order expansion
of two sets of diagrams. The first (regular) set includes the irreducible 2n-vertex
2n
(3.29)
and exchange diagrams, which are analogs of (3.18). The propagators appearing in these
diagrams are regular in the special kinematical regime of this paper and yield a finite
contribution. Their leading order momentum dependence is a quadratic polynomial. The
second set includes a series of exchange diagrams with k 6= 0 near on-shell propagators.
Particular examples include the diagrams
k1k2
km +1
p1
p2
pm
k
m +2 k
m +3
kn
p
m +1
p
m +2
pn
,
k1k2
km1+1
p1
p2
pm1
km2+2km2+3
kn
pm2+1pm2+2
pn
(3.30)
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with k = 1, 2 respectively. These diagrams are higher order analogs of those appearing in
(3.21). The leading order momentum dependence of such diagrams can be summarized by
a quadratic polynomial, which contributes to the constant C˜2n, and a rational function
of the external momenta, which contributes to the function W˜2n in the same way as in
string theory. The poles appearing in this function are identical to the poles appearing in
the string theory function W2n and the residues are derived in both cases as appropriate
factorizations of the same lower order amplitudes. This implies the relation
W˜2n =W2n (3.31)
for any n. We verified this relation explicitly for n = 2, 3 above.
3.4. Computation of the effective action
We have demonstrated that in field theory the leading order amplitudes take the form
A2n =
( n∑
l=1
d
(n)
l a
(n)
l + q
(n)
lower order
)∑
i,i′
uii′ +W2n(~ki, ~pj) , (3.32)
with d
(n)
l certain constants that arise from the field theory vertex (3.29) (see appendix
A) and q
(n)
lower order a constant that arises from lower order exchange diagrams. In string
theory the respective expression reads
A2n = C2n
∑
i,i′
uii′ +W2n(~ki, ~pj) , (3.33)
for some constant C2n. The same function W2n appears on both sides and the task of
matching the two results amounts to matching the coefficients of the
∑
i,i′ uii′ term. This
gives an extra condition at the 2n-th order in field theory, which fixes the full set of n+ 1
couplings a
(n)
l in (3.4) and determines the form of the effective field theory action.
Indeed, the other n conditions among the couplings a
(n)
l arise from condition (A)
in the beginning of this section. They are summarized in relation (3.7). One could use
this relation to re-express the sum
∑n
l=1 d
(n)
l a
(n)
l appearing in (3.32) in terms of just
one coefficient, say a
(n)
1 and the resulting expression can be written as d
(n)a
(n)
1 for an
appropriate constant d(n). Then, matching equations (3.32) and (3.33) amounts to setting
d(n) a
(n)
1 + q
(n)
lower order = C2n . (3.34)
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This determines the unknown coupling constant a
(n)
1 in terms of d
(n), q
(n)
lower order and C2n.
Subtleties could arise if, for some n, we happened to find d(n) = 0. In that case eq.
(3.34) would not be satisfied for any value of a
(n)
1 , unless q
(n)
lower order = C2n. An explicit
alternating series expression for d(n) is given in appendix A. Using Mathematica, we have
checked that up to n = 15 the absolute value of d(n) is a non-vanishing monotonically
increasing function of n. We expect a similar statement to be true for all n.
In summary, the above discussion demonstrates the existence of a tachyon effective
action with a prescribed set of properties. The form of this action can be fixed uniquely
(modulo the usual field redefinition ambiguities) so long as we know the precise value
of the constants d(n), q
(n)
lower order and C2n. This turns out to be a non-trivial technical
problem involving, in particular, the computation of a series of complicated integrals (see,
for example, (2.19)).
4. Effective actions in the presence of tachyon condensates
The analysis of the previous sections established that up to field redefinitions there
exists a unique tachyon effective action satisfying requirements (A) and (B) of section 3
in the absence of a tachyon condensate. Can we trust the same action also in the presence
of a non-zero tachyon condensate? For starters, let us consider turning on a non-zero
constant T+ in the rolling tachyon profile (3.6), while keeping T− zero. In the presence of
this half-brane rolling tachyon the spectrum of scaling dimensions of the theory remains
unmodified. If the theory can be treated perturbatively in T+, the effective action of
section 3 can still be used to describe the leading terms of the string theory scattering
amplitudes (1.9) in the limit of small spatial momenta and this extends its validity in the
presence of a non-vanishing T+-condensate.
On a practical level, it would be useful to have more than a statement about the
existence of this action. It would be useful to obtain the exact form of the Lagrangian (3.3),
(3.4). This is possible in the language of section 3, but it involves a series of complicated
calculations. In order to avoid these technical difficulties, the analysis of [1] proposed that
the exact form of the effective action (3.3), (3.4) can be fixed with an alternative calculation.
This approach is based on the evaluation of the “unintegrated” disc partition function in
Minkowskian signature. Let us briefly explain the basic features of this computation. On
general grounds, one expects that the on-shell spacetime action is equal to the perturbed
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disc partition sum [5,14-19]. By stripping off the integral over the zero-mode x0, it is
natural to conjecture the closely related formula
Lon−shell(x0) = Z ′(x0) . (4.1)
Lon−shell(x0) is the on-shell value of the effective Lagrangian and Z ′(x0) is the disc partition
sum
Z ′(x0) =
∫
[dx′0] e−Sbulk−
∫
∂D
dσT (x0)
(4.2)
where the disc path integral is performed only over the non-zero modes x′0; the zero modes
remain unintegrated and momentum conservation in the x0 direction is not imposed. In our
case, both sides of (4.1) should be evaluated on the half-brane tachyon profile T = T+e
1√
2
x0
.
The value of Z ′(x0) for this profile has been computed in [20]:
Z ′(x0) =
1
1 + 12T
2
+e
√
2x0
. (4.3)
With this information one can show, by a direct application of (4.1), that the effective
Lagrangian takes the form [1]
L = − 1
1 + 12T
2
√
1 +
1
2
T 2 + ∂µT∂µT , (4.4)
which transforms into the more familiar tachyon DBI action7 [21-46]
L = − 1
cosh T˜√
2
√
1 + ∂µT˜ ∂µT˜ (4.5)
after the field redefinition
T√
2
= sinh
T˜√
2
. (4.6)
This approach is similar to the usual derivation of the massless Born-Infeld action. In
that case, one is instructed to compute the disc partition sum in the presence of a constant
Fµν profile. It is natural to expect that this latter derivation of the tachyon effective
action is equivalent to the one described in section 3 and that both of them lead to the
7 As noted in [1] the form of this Lagrangian is quite different from the one found in boundary
string field theory (BSFT) [15,16,17]. From the point of the present discussion this is quite natural.
The BSFT action is valid for deeply off-shell tachyons, e.g. of the form T = a+ux2 in the bosonic
case, while the tachyon DBI action is valid for nearly on-shell configurations of the form (1.3).
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same result. It would be interesting to compute the constants C2n, C˜2n in (2.23) and (3.28)
respectively and check this claim explicitly. This would also provide a non-trivial check of
the assumption (4.1).
More generally, we can ask whether the same effective action is valid in the presence
of other non-vanishing tachyon condensates. For example, consider turning on both T+
and T− in (1.3). In that case several complications appear. One drastic effect of the
condensate is the modification of the spectrum. Another related effect, most apparent
in the Minkowskian signature, is the absence of asymptotic flat regions in spacetime. At
very early (x0 → −∞) and very late (x0 → +∞) times the system is very far from its
perturbative open string vacuum and the meaning of S-matrix elements is far from obvious.
In fact, as |T | → ∞ the theory approaches the closed string vacuum, where no physical
open string excitations are believed to survive. These effects invalidate the action of section
3 as a reliable tachyon effective action. Indeed, this breakdown has been observed directly
in the computation of the stress-energy tensor in refs. [27,38,1]. Despite of these problems,
the action (4.5) continues to be valid at late times. As x0 → +∞ the exponential term
T−e
− 1√
2
x0
can be ignored in the rolling tachyon profile (1.3) and the action (4.5) resurfaces
at late times as a valid description of the appropriate string theory dynamics.
It would be very interesting to see whether it is possible to obtain another effective
action in the presence of the full-brane tachyon condensate. If such an action exists it
will not be Poincare (Euclidean) invariant. Poincare invariance is explicitly broken by the
full-brane condensate.8 The band structure of the open string theory spectrum in the
presence of the full-brane tachyon [10] suggests that the desired action could be some kind
of non-commutative deformation - possibly a q-deformation - of the original tachyon DBI
action (4.5). Whether this expectation is true remains to be seen.
5. Conclusions and open problems
What are the consequences of the present construction for open string tachyon con-
densation? Building on previous work [1], we argued that the dynamics of the open string
tachyon in the vicinity of the homogeneous half-brane solution are captured correctly by
the effective action (4.5). The validity of this effective action is not restricted only at
8 The half-brane condensate allows for a manifestly Poincare invariant flat region in the far
past and does not break Poincare invariance.
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late times, where the gradients of the tachyon potential vanish asymptotically. The action
describes correctly the process of tachyon condensation everywhere along the decay. By
that we mean precisely the following. As long as the initial conditions are such that the
tachyon never deviates considerably away from the homogeneous half-brane profile (i.e.
the tachyon has the general inhomogeneous form T = T+(x
µ)e
1√
2
x0
+ T−(xµ)e
− 1√
2
x0
, with
|∂µT (xν)| ≪ 1, |T−(xν)| ≪ 1) the effective action (4.5) provides a valid description of the
dynamics and will not break down. This is also in nice agreement with some features of
general inhomogeneous solutions of this action discussed in refs. [47,48] (for more details
see [1]).
The usefulness of the action (4.5) is comparable to that of the usual massless DBI
action. Both actions capture reliably a class of phenomena in the full open string theory
that can be associated to small deviations away from the corresponding exactly marginal
profiles. It is worth mentioning the following two prominent examples in the tachyon case
(again, for more details we refer the reader to [1]):
(i) The tachyon DBI action (4.5) reproduces the correct stress-energy tensor in homoge-
neous tachyon decay for the half-brane solution and the leading T− behaviour of the
stress-energy tensor for the full-brane solution.
(ii) It contains solitonic solutions corresponding to lower dimensional stable D-branes [49].
Small excitations of these solitons are massless fields (similar to the gauge fields Aµ
and scalars Y I on a stable D-brane) and one can check explicitly [49] that the effective
action describing the dynamics of these modes is the massless DBI action, exactly as
anticipated from string theory.
We would like to conclude with a few interesting open problems. One of them is
the extension of the action (4.5) to include the gauge field Aµ and the massless scalars Y
I
parameterizing the position of the D-brane. This is particularly simple when Fµ0 = ∂0Y
I =
0. In that case the rolling tachyon solution (1.3) is not modified by the expectation values
of the massless fields and the full action is very likely to be given by the DBI generalization
L = − 1
cosh T˜
2
√
−detG , (5.1)
with
Gµν = ηµν + ∂µT˜ ∂ν T˜ + ∂µY
I∂νY
I + Fµν . (5.2)
In the presence of a nonvanishing electric field Fµ0 and non-vanishing D-brane velocities
∂0Y
I the above extension is less straightforward. Presumably one has to replace (1.3) by
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a solution of the tachyon equations of motion in the open string metric and proceed from
there. For a recent discussion in favor of the action (5.1), (5.2) see [50].
The case of a non-zero electric field is also interesting for another reason.9 A constant
electric field couples on the boundary of the disc with the coupling∫
∂Σ
dσ Fi0x
i∂x0 . (5.3)
The Euclidean version of the x0 CFT has an algebraic SU(2) symmetry under which i∂x0
rotates, for example, into e
i√
2
x0
+ e
− i√
2
x0
. This suggests that (5.3) has the following
equivalent form10 ∫
∂Σ
dσ Fi0x
i
(
e
i√
2
x0
+ e
− i√
2
x0)
. (5.4)
This is a (linear) inhomogeneous version of the full-brane rolling tachyon solution. A
similar linear inhomogeneous version of the half-brane rolling tachyon solution has been
considered in a recent paper [51]. It would be interesting to explore the properties of open
string theory in the presence of such condensates and see to what extent the algebraic
SU(2) symmetry is a useful tool.
Finally, it would be very interesting to see if the general point of view on effective
actions reviewed here is useful for thinking about analogous examples in closed string
tachyon condensation. Progress in this direction requires establishing the existence of an
exact closed string tachyon solution analogous to the rolling tachyon solution in open string
theory. For a previous suggestion that the perturbation
δLws = λe2x
0
(5.5)
is exactly marginal see ref. [52].
Acknowledgements:
I would like to thank David Kutasov and Arkady Tseytlin for many stimulating dis-
cussions and for useful suggestions on the manuscript. Especially, I would like to thank
David Kutasov for earlier collaboration and for his large contribution to this project, for
his encouragement and constant support. This work was supported in part by DOE grant
DE-FG02-90ER-40560.
9 I would like to thank D. Kutasov for suggesting this interesting point.
10 The presence of the xi CFT should not affect this statement. We could apply the SU(2)
symmetry of the x0 CFT perturbatively in F0i.
25
Appendix A. Calculation of the field theory amplitude
2n
In this appendix we compute the coefficient of the
∑
i,i′ uii′ term in the field theory
amplitude
2n
at order 2n. This computation can be achieved compactly in the
following way. Set
T =
n∑
i=1
(eiki·x + eipi·x) (A.1)
into the field theory Lagrangian
L2n =
n∑
l=0
a
(n)
l
(
∂µT∂
µT
)l
T 2(n−l) (A.2)
and pick up those terms that satisfy the momentum conservation constraints
∑
i(ki+pi) =
0. For simplicity, we have omitted a symmetry factor and the normalization constant
λ2n−2. The resulting expression can be expanded to quadratic order and, as we know on
general grounds, the final result will take the form
t2n + s2n
∑
ii′
uii′ . (A.3)
We would like to determine the coefficient s2n. A convenient choice of the external mo-
menta simplifies the computation considerably. If we set
k1 = (
1√
2
(1− σ2), σ, 0, ...), k2 = k3 = ... = kn = ( 1√
2
, 0, 0, ...),
p1 = (− 1√
2
(1− σ2),−σ, 0, ...), p2 = p3 = ... = pn = (− 1√
2
, 0, 0, ...)
(A.4)
and substitute (A.1) into (A.2), we find
L2n =
n∑
l=0
a
(n)
l
[
1
2
(
eik1·x − e−ik1·x + (n− 1)(eik2·x − e−ik2·x))2−
− (n− 1)σ2(eik1·x − e−ik1·x)(eik2·x − e−ik2·x)
]l
×
×
[
eik1·x + e−ik1·x + (n− 1)(eik2·x + e−ik2·x)
]2(n−l)
.
(A.5)
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We expand to linear order in σ2 and drop the σ-independent terms to obtain
L2n ∼ σ2
n∑
l=1
a
(n)
l (n− 1)
l
2l−1
[
− ei(k1+k2)·x − e−i(k1+k2)·x + ei(k1−k2)·x + e−i(k1−k2)·x
]
×
×
[
eik1·x − e−ik1·x + (n− 1)(eik2·x − e−ik2·x)
]2l−2
×
×
[
eik1·x + e−ik1·x + (n− 1)(eik2·x + e−ik2·x)
]2(n−l)
.
(A.6)
Repeated use of the binomial expansion
(a+ b)m =
m∑
r=0
(
m
r
)
am−rbr (A.7)
and the identity ∑
i,i′
uii′ = 2(n− 1)σ2 (A.8)
provides the desired coefficient
s2n =
1
2
σ2
n∑
l=1
2(n−l)∑
r1=0
2(n−l)−r1∑
r2=0
r1∑
r3=0
2l−2∑
s1=0
2l−2−s1∑
s2=0
s1∑
s3=0
a
(n)
l
l
2l−1
(−)n−r2−r3−1(n− 1)r1+s1×
×
(
2(n− l)
r1
)(
2(n− l)− r1
r2
)(
r1
r3
)(
2l − 2
s1
)(
2l − 2− s1
s2
)(
s1
s3
)
×
×
[
δ
s2,n−r2− 1+r1+s12
δ
s3,
1+r1+s1
2
−r3 + δs2,n−r2− 3+r1+s12
δ
s3,
−1+r1+s1
2
−r3+
+ δ
s2,n−r2− 1+r1+s12
δ
s3,
−1+r1+s1
2
−r3 + δs2,n−r2− 3+r1+s12
δ
s3,
1+r1+s1
2
−r3
]
,
(A.9)
with the Kronecker δ terms in the last parenthesis enforcing the momentum conservation
conditions. For n = 2, 3 we reproduce the results of sections 3.1 and 3.2 respectively.11
This provides a trivial check of (A.9). Moreover, we can show by direct computation of
(A.9), or by simple inspection of (A.5) that the coefficient of a
(n)
1 , denoted by d
(n)
1 in (3.32),
vanishes identically for any n. The remaining coefficients d
(n)
l are generically non-zero.
11 In this comparison the appropriate symmetry factors should be reinstated (1/4 for n = 2
and 1/20 for n = 3).
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For the computation of the tachyon effective action in section 3.4 it was important
to establish the non-vanishing of the overall coefficient s2n, or d
(n) in (3.34). Substituting
the recursion relation (3.7) into (A.9) we find d(n) in terms of the alternating series
d(n) =
1
2
n∑
l=1
2(n−l)∑
r1=0
2(n−l)−r1∑
r2=0
r1∑
r3=0
2l−2∑
s1=0
2l−2−s1∑
s2=0
s1∑
s3=0
(−)n−1−r2−r3(n− 1)r1+s1×
× (n− 1)!(2(n− l))!(2l− 2)!
(n− l)!(l − 1)!(2l− 1)
1
r2!(2(n− l)− r1 − r2)!
1
r3!(r1 − r3)!
1
s2!(2l − 2− s1 − s2)!×
× 1
s3!(s1 − s3)!
[
δ
s2,n−r2− 1+r1+s12
δ
s3,
1+r1+s1
2
−r3 + δs2,n−r2− 3+r1+s12
δ
s3,
−1+r1+s1
2
−r3+
+ δ
s2,n−r2− 1+r1+s12
δ
s3,
−1+r1+s1
2
−r3 + δs2,n−r2− 3+r1+s12
δ
s3,
1+r1+s1
2
−r3
]
.
(A.10)
We have not been able to find a considerable simplification of this formula that would
demonstrate immediately the non-vanishing of d(n) for all n. Instead, we have checked
explicitly, using Mathematica, that up to n = 15
∣∣d(n)∣∣ is a non-vanishing monotonically
increasing function of n. We expect that a similar statement holds for all n.
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